The relaxation spectrum of polymer length distributions M. S. Turner Abstract. 2014 We study theoretically the behaviour of a system of « living polymers » (polymers that can break and recombine reversibly) whose molecular weight distribution (MWD) is perturbed from equilibrium and then allowed to relax. Two classes of chemical kinetics are considered: (a) reversible unimolecular scission, and (b) end-interchange. (Both yield equilibrium MWD's that are exponential). Assuming simple forms for the reaction-rate kernels in each case, we derive response functions that determine the relaxation of the system after an arbitrary (small) initial perturbation to the MWD. This is in general a complicated, non-exponential decay.
However, for the special case of a temperature or pressure jump, which preserves the exponential form of the MWD but shifts its mean, a single exponential decay is predicted for the unimolecular scission case, whereas there is no decay at all in the case of end interchange. We [10, 12, 14, 16, [19] [20] [21] . Reference [19] [19] .]
To test these ideas unambiguously, it is essential to have an independent experimental determination of the breaking time Tb. An obvious candidate is the T-jump method, and data on the CTAB/KBr system should be available soon [23] . (There is already data on some closely related though perhaps more rod-like systems [12] ; in these, the relaxation time after T-jump and the terminal time are found to be rather close.) More In what follows, we study in detail two simple cases, (a) reversible unimolecular scission, and (b) end-interchange. In both cases we assume for simplicity that reactions occur with equal probability for all monomers and/or chain ends in the system, and thus neglect any dependence on chain length of the microscopic reaction rates for scission, fusion, or interchange processes. This assumption is appropriate in the entangled regime when reaction rates are determined by the local motion of subsections of chain, and not the diffusion of polymers over distances large compared to their gyration radii. In fact, for the unimolecular scission case it is sufficient to assume that the forward reaction (scission) occurs at the same rate for any bond in the system ; the principle of detailed balance, in conjunction with the known equilibrium length distribution [20] then ensures that the recombination rate constant must also be chain-length independent.
With these simplifications we are able to calculate Greens functions that determine, for the two classes of kinetics, the relaxation of an arbitrary (material preserving) small perturbation in the MWD. The particular perturbation corresponding to a T-jump is found to be a very special case : for reversible scission kinetics (case a) we find that the entire perturbation decays exponentially, whereas for interchange kinetics (case b) it does not decay at all. This means that T-jump provides a direct and robust measure of Tb for reversible scission but provides no information relevant to end interchange. When both are present, T-jump provides in principle a way of measuring the reaction rate for scission which is not affected by the simultaneous presence of end interchange processes. Throughout our analysis, we ignore the so-called « fast » process whereby polymeric micelles equilibrate with the ambient density of free monomers in the system [1] [2] [3] [4] [5] [6] [7] [8] . This involves reactions where single monomers are added or removed one by one from a chain end. We expect that, for long polymers, these processes are rather inefficient for relaxing the main part of the MWD and can therefore be ignored for our purposes. This is corroborated experimentally by the observation of single-exponential stress relaxation [10] , which is predicted theoretically only when kinetics of types (a) or (b) are dominant in causing significant length-changes for a long polymer [20, 21] Where the mean chain length is related to the rate constants as follows :
As usual, this implies a restriction on the ratio k'/k, which is determined by the equilibrium statistical mechanics of the system. In simple models, one finds L oc exp E where E is 2 kB T the scission.
The form (3) is more general, however, and should arise universally for chains in the semidilute (entangled) regime [20, 24] . It follows that the sole effect of a sudden temperature jump is to prepare a system which has the MWD of equation (3) We now take the limit of a small perturbation to the equilibrium distribution, writing C (L, t ) = Co (L ) + â (L, t ) with à (L, t ) a small quantity. Substituting into equation (1) (16) with the Green function given in equation (14) . The parameter T is precisely half the « breaking time » introduced earlier.
We see that the temperature jump amounts to a very special choice of disturbance (an eignefunction of the integral operator in Eq. (5)) which is ideally suited to the measurement of the breaking time 2 T. Our prediction of single exponential decay for this case is supported by preliminary experimental data on wormlike micelles [23] (see also Refs. [12] [13] [14] . Note that the result depends on our assumption of a length independent recombinàtion constant k', which, as stated before, should be a good approximation throughout the semidilute (entangled) regime for flexible polymeric objects.
For a more general perturbation from equilibrium, not of the form of equation (16) , a single exponential decay cannot usually be expected. We have not looked for other eigenfunctions of our time evolution equation (5) but it would be surprising to find any others corresponding to such a simply realized experimental procedure. Nonetheless it would be interesting to study experimentally other ways of perturbing the polymer length distribution.
3. The role of end-interchange processes.
In this section we examine the behaviour of a system which is allowed to evolve according to the process of end interchange only. The equation goveming the time evolution of C (L ) is as follows :
Here the first term represents the destruction of chains of length L by chains of any length « biting into them » somewhere in the chemical sequence. The second term represents the destruction of a chain of length L by the process of that chain biting into any other chain. The third term represents the process whereby a chain of length L' bites into one of length L" and carries off a part of length L -L' (thus creating a chain of length L). The fourth involves a similar event in which the left over part of the bitten chain is of length L.
The processes described by the third and fourth terms are shown in figure 1. Fig. 1. 2013 Diagrams representing the processes described by (a) the third and (b) the fourth terms in equation (18) .
As before we choose units so that equation (2) applies. In this case, we can confirm at once that equation (18) has a steady state solution for any C (L) obeying equation (3) . This is directly related to the fact that end-interchange reactions conserve chain number [25] . It implies that any thermodynamic perturbation, which takes the equilibrium distribution Co (L ) to a new distribution also of the form (3) (but with a different L), will not relax with time under end-interchange reactions alone. This is a remarkable result ; while it is expected that the conservation of chain number should lead to a zero mode of the time evolution equations, it is surprising that this mode should exactly correspond to the experimentally imposed perturbation in a T-jump.
Since, for the particular initial conditions corresponding to a T-jump, end interchange reactions lead to no time evolution whatever, it is clear that when end-interchange and reversible scission processes both are present, only the latter play a role in T-jump relaxation. This means that the single exponential relaxation with time constant T obeying equation (17) is retained even if end-interchange reactions are relatively fast. In this case one can enter a regime in which the T-jump relaxation is governed by reversible scission, whereas the breaking time of the average chain is controlled almost entirely by end-interchange. Thus, indiscriminate interpretation of T-jump data could lead to very misleading estimates of the breaking time (which is the quantity relevant to stress relaxation processes, at least according to the model of Ref. [19] ).
Returning to the case where we consider only end-interchange kinetics we write, with Co(L) defined as before and A small, C (L, T) = Co (L) + A (L, t) and substitute into equation (18) and since the total number of excess chains is conserved, equation (22) continues to hold for all time :
Thus all of the time dependence of the problem is contained in the second part of the decomposition, 42. To calculate this, we first note that the Laplace transform of equation (24) gives us directly that E2(0, t) = -0. By arguments that directly parallel those leading to equation (10) 
